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The ef� ciency of a turbinemaybe calculated from measured test variablesby several different methods.However,
the literature does not contain documentation to aid one in determining the preferred ef� ciency method for
particular test situations. Two methods commonly used for cold air� ow testing of turbines, the thermodynamic
and the mechanical methods, were evaluated both experimentally and using uncertainty analysis techniques.
The experimental work involved performance testing of a next-generation, compact, high-turning-angle turbine
design in which the � ow contained signi� cant high-gradient regions. The turbine ef� ciency was calculated from
the measured test data using both ef� ciency methods, and enhanced uncertainty analysis tools were developed to
evaluate the ef� ciency uncertainty for each method. The ef� ciency uncertainty equations were written in a new
form to account properly for conceptual bias and correlated bias terms. The results showed that using the form
of the equations developed was essential to obtaining the correct ef� ciency uncertainty estimates. The ef� ciency
uncertainty estimates obtained from the analysis then allowed a comparison of the two methods from which
conclusions were drawn to guide in determining the preferred ef� ciency method for individual applications.

Nomenclature
B = bias limit estimate
C p = speci� c heat at constant pressure, Btu/lbm ±R
h = enthalpy, Btu/lbm
J = conversion constant, 778.3 ft-lbf/Btu
K = conversion constant, p /30 rad ¢ min/revolution¢ s
N = number of readings or speed, rpm
P = pressure, psia
Pr = pressure ratio (total-to-total)
r = result
S = sample standard deviation
T = temperature, ±R
Tq = torque, ft-lbf
U = uncertainty estimate
ÇW = mass � ow rate, lbm/s

X = variable
a = � ow or yaw angle
c = ratio of speci� c heats
g = ef� ciency
h = sensitivity coef� cient

Subscripts

me = mechanical method
th = thermodynamic method
0 = total
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1 = turbine inlet
2 = turbine exit

Introduction

C OMPONENT testing of turbines is needed to characterize the
aerodynamicperformanceof the machine.This type of testing

is useful for new turbinedesignsattemptingto incorporateadvanced
technologies as well as for existing engine turbine designs. Com-
ponent testing is often done in air at scaled conditions so that the
turbine can be tested over a broad operating range at lower risk.1

The test results are used to improve the turbine design and validate
variouscomputercodesused fordesignand performanceprediction.

When preparing for a turbine test, one must be aware of the un-
certaintylimits requiredfor the resultsand must plan the test to meet
these uncertainty requirements. Often there are several methods
available for obtaining the needed result. Several variations of the
basic equation for turbine ef� ciency may be used in turbine perfor-
mance testing. The particular equation used depends on the type of
test facility, the types of measurements that are available,etc. How-
ever, a literaturesurvey revealed little documentationof uncertainty
analysesevaluatingdifferencesin methods used to calculate turbine
ef� ciency from the measured test variables.2 This type of analysis
is needed to determine how to approach a test, the measurements
required, etc. Two common methods used to determine turbine ef� -
ciency for cold air� ow turbine testing were evaluated in this study,
both experimentally and using uncertainty analysis techniques.

The work was prompted by a research program involving the
testing of a subscale rocket turbine that required that the tur-
bine ef� ciency be determined within 1% (Ug / g £ 100 ·1%). The
ef� ciency uncertainty requirement forced a study of the turbine
ef� ciencymethodsand themeasurementsinvolved.The turbineef� -
ciency methodswere evaluatedon severaldifferent levels.A general
uncertainty analysis was performed to compare the two ef� ciency
methodsand to evaluatethe relative importanceof the uncertaintyof
eachof the measuredvariableson theuncertaintyof theef� ciency.3,4

These results were used to plan the test and design new instru-
mentation calibration approaches necessary if the test objective
was to be met.3,5 Once the test proceeded past the planning phase,
the necessary calibrations were conducted and detailed uncertainty
analyses were performed for the various measurements needed to
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determine turbine ef� ciency.6 ¡ 9 Once the test data were obtained,
they were used in a detailed uncertainty analysis to determine the
uncertainty in the turbine ef� ciency and further evaluate the ef� -
ciency methods.

This paper focuses on the detailed uncertainty analysis of the
turbine ef� ciency methods and how these results can be used to
determine the preferred method for particular test situations. The
turbineef� ciencymethodswill bepresented� rst.A briefuncertainty
analysis overview and a descriptionof the experimental turbine test
case will follow to provide the necessary background information.
The detaileduncertaintyanalysiswill then be discussed.The results
from the analysiswill be used to evaluatethe two ef� ciencymethods
and to provide information on choosing the appropriatemethod for
individual applications. The turbine ef� ciency methods have not
been evaluated in this manner in the past.

Turbine Ef� ciency Methods
Two equations were used to calculate turbine ef� ciency from

measured test variablesduring this study.2,10 Both equationsare de-
rived from the basic de� nition of turbine ef� ciency: actual enthalpy
change over ideal or isentropic enthalpy change. Both methods are
used for cold air� ow turbine testing, where the temperature is rel-
atively low so that an ideal gas may be assumed and c and Cp are
considered constant.

For the � rst method, the thermodynamicmethod, the temperature
drop across the turbine is measured to determine the actual enthalpy
change (D h = Cp D T ). Isentropic relations are used to write the
ideal enthalpy change in terms of turbine inlet and exit total pres-
sure rather than temperature. With the preceding assumptions, the
equation for thermodynamic ef� ciency becomes

g th =
T01 ¡ T02

T01 1 ¡ (P02 / P01)( c ¡ 1)/ c
(1)

For the secondmethod, the mechanicalmethod, the idealenthalpy
change is calculated the same as before. However, the mechanical
measurements of torque and speed are used along with the mea-
sured mass � ow rate to determine the actual enthalpy change. The
ef� ciency equation is

g me =
K TqN

JC p
ÇW T01 1 ¡ (P02 / P01)( c ¡ 1) / c

(2)

Note that the temperaturesand pressures required for Eqs. (1) and
(2) are average values at a cross section.

Uncertainty Analysis Overview
Only a brief overview of the methodology to obtain uncertainty

estimates and how they propagate through a given data reduction
equation is given here.The reader is referred to Coleman and Steele
for a detailed discussion of uncertainty analysis techniques.11,12

The word accuracyis generallyused to indicate the relativeclose-
ness of agreement between an experimentally determined value of
a quantity and its true value. Error is the difference between the
experimentally determined value and the truth; therefore, as error
decreases, accuracy is said to increase. Only in rare instances is the
truevalueof a quantityknown.Thus, it is necessaryto estimateerror,
and that estimate is called an uncertainty U . Uncertainty estimates
are made at some con� dence level; a 95% con� dence estimate, for
example, means that the true value of the quantity is expected to be
within the §U interval about the experimentally determined value
95 times out of 100.

Total error can be considered to be composed of two compo-
nents: a precision (random) component e and a bias (systematic)
component b . An error is classi� ed as precision if it contributes to
the scatter of the data; otherwise, it is a bias error. As an estimator
of b , a systematic uncertainty or bias limit B is de� ned. A 95%
con� dence estimate is interpreted as the experimenter being 95%
con� dent that the true value of the bias error, if known, would fall
within § B. A useful approach to estimating the magnitude of a bias
error is to assume that the bias error for a given case is a single re-
alization drawn from some statisticalparent distributionof possible

bias errors. In other words, the bias error could be treated as a ran-
dom variable, but with only a single realization, its variance cannot
be measured and must be estimated. As an estimator of the mag-
nitude of the precision errors, a precision uncertainty or precision
limit P for a single reading is de� ned. A 95% con� dence estimate
of P is interpreted to mean that the § P interval about the single
reading of X i should cover the (biased) parent population mean l ,
95 times out of 100.

In nearly all experiments, the measured values of different vari-
ables are combined using a data reduction equation (DRE) to form
some desired result. A general representation of a data reduction
equation is

r = r(X1 , X2, . . . , X J ) (3)

where r is the experimental result determined from J measured
variables X i . Eachof themeasuredvariablescontainsbiaserrorsand
precisionerrors. These errors in the measured values then propagate
through the DRE, thereby generating the bias and precision errors
in the experimental result r .

The 95% con� dence expression for Ur is

U 2
r = B2

r + P2
r (4)

If the large sample assumption is made (N ¸ 10) (Ref. 12), the
systematic uncertainty (bias limit) of the result is de� ned as

B2
r =

J

i = 1

h 2
i B2

i + 2
J ¡ 1

i = 1

J

k = i + 1

h i h k Bi k (5)

where

h i =
@r

@X i

(6)

The bias limit estimate for each X i variable is the root sum square
combination of its elemental systematic uncertainties

Bi =
M

j = 1

(Bi )
2
j

1
2

(7)

and Bik , the 95% con� dence estimate of the covarianceappropriate
for the bias errors in X i and Xk , is determined from

Bik =
L

a = 1

(Bi ) a (Bk) a (8)

where variables X i and X k share L identical error sources. These
terms account for correlation between bias errors in different mea-
surements.More detailed discussionsof the covarianceapproxima-
tion are given in Refs. 13–15.

The precision uncertainty (precision limit) of the result is

P2
r =

J

i = 1

h 2
i P2

i + 2
J ¡ 1

i = 1

J

k = i + 1

h i h k Pik (9)

where Pik is the 95% con� dence estimate of the covariance appro-
priate for the precision errors in X i and Xk . The 95% con� dence
large sample (N ¸ 10) precision limit for a variable is estimated as

Pi = 2Si (10)

where Si is the sample standard deviation.
Typically, correlatedprecision uncertainties have been neglected

so that the Pik terms in Eq. (9) are taken as zero. These covariance
terms account for correlation between errors in different measure-
ments. The precision errors have been considered to be random;
therefore, the correlation between them has been assumed to be
zero. That assumption is true in the work reported here; however,
a case is presented in Refs. 3 and 6 where the precision errors are
correlated and the covariance terms are important.

A general uncertainty analysis for this turbine test case was per-
formed previously.There, the uncertaintiesof the variableswere not
considered separately in terms of bias and precision.4 An estimate
of the overall uncertainty of each variable was made. These uncer-
tainty values were then propagated through the DREs [Eqs. (1) and
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(2) for this case]. In this study a detailed uncertainty analysis in
which bias and precision are considered separately has been imple-
mented. Because the pressures and temperatures in Eqs. (1) and (2)
are averages determined from many point measurements, the un-
certainty analysis is complex inasmuch as there are many Bi k terms
that must be included. Also, the conceptual bias that arises when
the measured variables (point measurements at different spatial lo-
cations) do not correspondto the variables required in the equations
(average values at a cross section) is important.

Description of Experiment
The experimental test case used for this study was a liquid rocket

engine turbine test model called the oxidizer technology turbine
rig (OTTR).16,17 This model was designed to be tested in NASA
Marshall Space Flight Center’s (MSFC’s) cold air� ow turbine test
facility,18 which is a blowdown facility that operates by expanding
high-pressure air (420 psig) from one or two 6000-ft3 air tanks to
atmospheric conditions.Air � ows from the storage tanks through a
heater section, quiet trim control valve, and a calibrated subsonic
mass � ow venturi. Flow then continues through the test model and
backpressure valve and exhausts to atmosphere. The facility can
accommodate axial � ow, radial in� ow, and radial out� ow turbines.

This equipment can deliver up to 220-psia air for run times from
30 s to over 1 h, depending on inlet pressure and mass � ow rate.
The heater allows a blowdown-controlledtemperaturebetween 530
and 830±R. The facility has manual setpoint closed-loop control of
the model inlet totalpressure,inlet total temperature,shaft rotational
speed, and pressureratio. In additionto these controlparameters, the
facility can accurately measure mass � ow, torque, and horsepower.
The associated data system is capable of measuring 512 pressures,
120 temperatures, and several model health-monitoringvariables.

The OTTR was designed to support the developmentof advanced
turbines for future liquid rocket engines. It is a highly loaded single-
stage liquid-oxygenpump drive turbine that uses inlet and exit vo-
lutes to provide optimum performance in a compact con� guration
(Figs. 1 and 2). The system design createshigh pressureand temper-
ature gradientsas well as high Mach number � ow (nominally 0.8 at
the turbine exit). These factors make it especially dif� cult to mea-
sure the � ow� eld accurately. However, the need to use the OTTR
test data both for performance evaluation and for computational
� uid dynamics code validation resulted in strict accuracy require-
ments for the data (Ug / g £ 100 ·1%). The accuracy requirement
coupled with the complicated � ow� eld of the OTTR forced a de-
tailed investigationof all of the facility and test rig measurements.
Several test issues were identi� ed as crucial to obtaining accurate
test data.3,5 Therefore, instrumentation was chosen and measure-
ment procedures were developed to reduce the uncertainty of the
critical measurements and to meet the OTTR test goals.

The OTTR was very highly instrumented, but only the turbine
inlet and exit instrumentationis of interest here. Automatic circum-
ferential traverse gears were used to rotate instrumentation rings at
the turbineinlet and exitplanes.These traversegearscould remotely
move the rings through90deg.Eachof the ringscouldaccommodate
a total of eight rakes and two probes with radial actuators.Each rake
contained� ve probes (total pressureor total temperature) positioned

Fig. 1 OTTR vanes and blades.

Fig. 2 OTTR.

Fig. 3 Turbine inlet and exit plane measurement locations.

on centersof equal area. These rakes couldbe manuallyadjusted for
yaw angle. Contoured plugs were available for each rake position,
and these were inserted when a rake was not being used.The probes
used with the radial actuators were three-hole cobra probes. These
cobra probes were run in the autonulling mode. Because the cobra
probes on radial actuators could only map 180 deg of the turbine
plane, a modi� ed prism probe (YC probe) was adapted to map the
remaining 180 deg. This probe could be placed in any of the eight
rake positions. The YC probe had to be used in a � xed position
(rather than autonulling); it could be manually adjusted for both ra-
dial position and yaw angle. Details on the OTTR instrumentation
are given in Refs. 3, 5, and 17.

The turbine inlet � ow� eld was mapped using the total pressure
and total temperature rakes. Measurements were made at � ve ra-
dial locations,on centers of equal area, every 2.5 deg. This resulted
in 720 point measurements of pressure and temperature at the tur-
bine inlet plane. The turbine exit � ow� eld was mapped with the
total pressure and total temperature rakes as well as with three-hole
probes (cobra and YC) to obtain static pressure and � ow angle.
Again, measurementswere made at 720 points (� ve radial positions
every2.5 deg). The circumferentiallocationis de� ned with top dead
center at 0 deg and moving clockwise looking downstream.The ra-
dial position is described as percent span with 0% being the hub
and 100% being the tip. The eight rakes with their � ve radial probes
are shown in Fig. 3. The circumferential angles are marked every
2.5 deg to show the density of the measurementsmade. The number
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of measurements made (720) was based on the size of the probes
and � owpath becauseno pretest analysis techniquewas available to
determine the optimum number of measurements required to meet
the test goals.

The P0, P , T0, a , and ÇW distributionsresultingfrom the 720 point
measurements showed that the turbine inlet quantities could be area
averagedbecause the gradientswere fairly small. However, because
of the large gradients in the turbine exit � ow� eld, the turbine exit
quantities needed to be mass averaged to obtain the proper values.
The averagingproceduresand theeffectof thesegradientson turbine
performance are discussed in detail in Ref. 3.

The model measurements, discussed earlier, combined with the
facility measurementsof mass � ow rate, torque, and speed provided
the informationnecessary to calculate turbine ef� ciency by both the
thermodynamic [Eq. (1)] and mechanical [Eq. (2)] methods.

Testing of the OTTR was done at the turbine aerodynamicdesign
point (ADP) as well as over a broad offdesign operating envelope.
The setpoint parameters for the test were the turbine inlet total pres-
sure, inlet total temperature, speed, and total-to-totalpressure ratio.
Results presented here will only be for the aerodynamic design
point: P01 = 100 psia, T01 = 560±R, N =3710 rpm, and Pr =1.60.

Description of Analysis
Procedure

Once the test data were taken, a posttestdetaileduncertaintyanal-
ysis was done to evaluate the uncertaintyof the ef� ciencycalculated
by the thermodynamicand mechanicalmethods for the OTTR ADP.
The uncertaintyestimatesused for the detailedanalysiswere re� ned
from the general analysis, mentioned earlier, based on new calibra-
tion, measurement, and data acquisition techniques developed for
the high-gradientregions as a result of information gained from the
general analysis.3,4 Uncertainty analysis methods were developed
for the detailedanalysisto accountfor theaveragingproceduresused
explicitly. This was done to reduce the conceptual bias that arises
when the measured variables do not correspond to the variables re-
quired in the equations and resulted in numerous correlation terms
that arise when errors in measurements are correlated. Note, how-
ever, that this work was limited to the uncertainty of the ef� ciency
determined from the air test. Therefore, uncertainties in ef� ciency
due to testing a turbine in air and then using these results for a tur-
bine that will operate in an engine with a different � uid were not
addressed. To apply air test results to an engine, differences in gas
thermodynamicpropertiesand differencesin geometric dimensions
due to higher operating temperatures must be considered.19

The detailed analysis began with the equations for turbine ef� -
ciency [Eqs. (1) and (2)] as the data reduction equations. The basic
equationsfor uncertainty,bias, and precisionwere Eqs. (4), (5), and
(9), respectively.From Eq. (1), g th is a functionof P01 , P02 , T01 , T02,
and c . From Eq. (2), g me is a functionof P01, P02, T01 , ÇW , Tq, N , c ,
C p , J , and K . The uncertaintiesof the conversion constants, J and
K , were considered negligible. Work was done early in the OTTR
test program to evaluate the effect of uncertainties in c and Cp on
the uncertaintyof the turbineef� ciency.The analysisresults showed
that the effects of the uncertaintiesof c and C p were negligible rel-
ative to the effects of the uncertainties of the measured pressures,
temperatures, mass � ow rate, torque, and speed for this case. (This
may not be true for all operating conditions and should be checked
for each case.) Therefore, g th is a function of P01 , P02, T01 , and T02,
and g me is a function of P01 , P02 , T01 , ÇW , Tq, and N for the OTTR.
However, the turbine inlet and exit quantities were averages of 720
point measurements, and the static pressure and � ow angle were
required to mass average the exit quantities. Therefore,

g th = g th

720

i = 1

(P01, P02 , T01, T02, P2 , a 2)i (11)

and

g me = g me
ÇW , Tq, N ,

720

i = 1

( P01 , P02 , T01 , P2, a 2)i (12)

Combining Eq. (11) with Eqs. (4), (5), and (9) gives the uncertainty
in the thermodynamic ef� ciency (see the Appendix). Combining
Eq. (12) with Eqs. (4), (5), and (9) gives the uncertainty in the me-
chanical ef� ciency (Appendix).

These ef� ciency uncertaintyequations(Appendix) have not been
written in this form in the past. Previously, only one term was used
for each variable in the DRE regardlessof the number of point mea-
surementsmade to obtain the value of the variable for the DRE. The
formpresentedhere explicitlyaccountsfor thenumberof pointmea-
surements made and the averaging procedures used. This method
properly accounts for the conceptual bias and the correlated bias
terms.

In theU g th equation(Appendix), terms 1–6 on the right-handside
are the precision terms for each variable, terms 7–12 are the bias
terms for each variable, terms 13–18 are the correlated bias terms
between point measurementsof the same variable, and terms 19–25
are the correlatedbias terms for the point measurementsof different
variables. In the U g me equation (Appendix), terms 1–8 on the right-
hand side are the precision terms for each variable, terms 9–16 are
the bias terms for each variable, terms 17–21 are the correlatedbias
terms between point measurements of the same variable, and terms
22–27 are the correlated bias terms for the point measurements of
different variables. Based on past experience with the test facility
and data acquisition systems, all correlated precision terms were
assumed to be zero.3

In writing the uncertainty equations, the following assumptions
were made concerning correlated bias terms. All of the pressure
measurements (P01 , P02 , and P2 ) were correlated because all were
measuredon the same electronicpressurescanningsystemand were
calibrated against the same standard. All of the temperature mea-
surements (T01 and T02) were correlated because all thermocouples
were calibrated against the same standard. A worst-case sensitivity
study showed that the effect of the correlation terms for pressures
with � ow angles on the ef� ciency uncertaintywas negligible; there-
fore, these values were set to zero. The pressure and temperature
measurements, as well as the � ow angle and temperature measure-
ments, were considered uncorrelated. No correlation terms were
considered for the facility measurements of mass � ow rate, torque,
and speed.

See Refs. 3 and 20 for more details on the analytical procedure.

Uncertainty Estimates

Uncertainty estimates were needed for all of the measured vari-
ables. Table 1 lists the estimates needed for the uncertainty equa-
tions. (See Ref. 3 for details on deriving these estimates.) The un-
certaintiesfor P2 and a 2 vary dependingon whether the cobraprobe
was used, the YC probe was used, or a curve � t of the data was used
to obtain these values. Notice that when regression analyses13 were
used to evaluate the uncertaintyof a measurement (T02, P2 , and a 2 ),
separate bias and precision limits are not given; only an overall un-
certainty estimate is given. This was done because the regression
analyses combine bias and precision from calibration and test data
into an overall uncertaintyestimate. It is not useful to try to separate
these into bias and precision. The bias and precision terms in the

Table 1 Uncertainty estimates

Variable, X PX BX UX Variables, X i X j BX i X j

(P01) i , psia 0.15 0.11 —— P01 P01, psia 0.013
(T01) i , ±R 0.71 0.18 —— T01T01, ±R 0.023
(P02) i , psia 0.15 0.11 —— P02 P02, psia 0.013
(T02) i , ±R —— —— 0.74 T02T02, ±R 0.023
(P2)i,cobra , psia —— —— 0.30 P2 P2, psia 0.013
(P2)i,YC , psia —— —— 0.36 ( a 2 a 2)cobra , deg 0.250
(P2)i,curve � t, psia —— —— 0.54 ( a 2 a 2)YC , deg 0.810
( a 2)i,cobra , deg —— —— 0.50 P01 P02, psia 0.013
( a 2)i,YC , deg —— —— 0.90 P01 P2 , psia 0.013
( a 2)i,curve � t, deg —— —— 1.00 P02 P2 , psia 0.013
ÇW , lbm/s —— —— 0.089 T01T02, ±R 0.023

Tq, ft-lbf 0.11 0.70 —— —— ——
N , rpm 0.42 1.00 —— —— ——
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uncertaintyequations were combined into one uncertainty term for
these three variables. The elemental error due to averaging using a
� nite number of measurements instead of integrating a continuous
function was considered negligible relative to the other elemental
sourcesbecause such a large numberof pointswere measured in the
inlet and exit planes. In a situation with fewer measurements, this
elemental source could be signi� cant.

Note that the estimate used for the uncertaintyof the torque is for
the torque measurement only. When calculating turbine ef� ciency
for the rig test, the torque that the turbine blading produces is the
value needed. This value will be higher than the measured torque
due to rig losses (bearings, disk windage, etc.). It is standard to add
a tare torque correction to the measured torque to obtain the torque
value required to calculate ef� ciency.10 Therefore, the torque value
required for Eq. (2) is actually

Tq = Tqmeasured + Tqtare (13)

Becauseof a lackof funding,a tare test to measurethe torquecorrec-
tion for the OTTR was not possible.When the OTTR test was being
planned, a tare test on a core module (shaft and bearing assembly)
of the same design as the OTTR core module was expected to be
run. It was agreed (private communication with P. D. Johnson and
F. W. Huber, Pratt and Whitney, West Palm Beach, Florida, 1994)
that the results from this test could be used to account for all effects
except disk windage10 for the OTTR tare torque correction. Disk
windage would be estimated from analysis and combined with the
tare test results to determine the overall correction for the OTTR.
Unfortunately, this tare test was cancelled. Therefore, no value for
the OTTR tare torque has been decided on at the present time. Once
this number is derived, it must be added to the measured torque
to calculate ef� ciency by the mechanical method. The torque bias
limit must then be updatedbecause the torque bias limit used in this
work was estimated with Tqtare assumed as zero. Accounting for
the tare torque will increase the turbine ef� ciency calculated by the
mechanicalmethod, and accounting for the bias associatedwith the
tare torque will increase the uncertaintyof the ef� ciency calculated
by the mechanical method.

The covariance estimates needed for the uncertainty equations
are also given in Table 1. The covarianceestimate is the sum of the
productsof the bias limits of the elemental sources that are common
between the two measurements [Eq. (8)]. For all of the pressure
terms, the elemental sources attributed to the electronic pressure
scanning system dominated all other sources; therefore, the covari-
ance approximationswere the same (0.013psi) for all of these terms.
For the temperature measurements, the bias of the standard used
for the static calibration7 was the only correlated elemental source;
therefore, all of these covariance terms were equal (0.023±R). The
covarianceapproximationsfor a 2 a 2 varied dependingon the region
and the instrument used to make the measurement.3

#

#

Table 2 Results

Thermodynamic method UPC Mechanical method UPCPerformance results
Sum of all terms Sum of all terms

Variable Value Term UPC for a variable Term UPC for a variable

P01, psia 98.61 P01 0.55 P01 0.02
P02, psia 59.72 P01 P01 148.66 P01 P01 6.34
P2 , psia 43.36 P02 1.83 P02 0.08
a 2 , deg 68.96 P02 P02 393.34 P02 P02 16.50
T01, ±R 555.67 P01 P02 ¡ 485.06 P01 P02 ¡ 20.53
T02, ±R 507.78 P2 0.12 P2 0.02
ÇW , lbm/s 11.47 P2 P2 0.09 P2 P2 0.01

Tq, ft-lbf 243.87 P01 P2 ¡ 7.76 P01 P2 ¡ 0.49
N , rpm 3754.36 P02 P2 12.60 64.37 P02 P2 0.79 2.74
g th 0.6458 a 2 0.49 a 2 0.06
U g th 0.0011 a 2 a 2 12.52 13.01 a 2 a 2 1.89 1.95
U g th, % 0.2 T01 8.80 T01 0.00
g me , measured 0.6034 T02 13.06 T01T01 0.10 0.10

torque
U g me 0.0051 T01T01 270.58 ÇW 83.38 83.38
U g me , % 0.8 T02T02 324.83 Tq 11.69 11.69
—— —— T01T02 ¡ 594.68 22.59 N 0.12 0.12

—— —— Sum 100.0 100.0 Sum 100.0 100.0

#

# # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # #¡
¡

¡¡¡¡¡¡

#

# # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # #¡¡¡¡¡¡¡

# # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # #¡¡¡¡¡¡¡

Results
A FORTRAN code was written to calculate the uncertainty in

the turbine ef� ciency for both the thermodynamic and mechanical
methods using the procedures and uncertainty estimates discussed
in the preceding sections. Input for the code included 720 measure-
ments of P01 , P02 , T01 , T02 , P2, and a 2 along with the averagevalues
of ÇW , Tq, and N at the OTTR ADP. The uncertaintyestimates given
in Table 1 were also input for the code. Ef� ciency was then cal-
culated from the test data using Eqs. (1) and (2) with the proper
averaging techniques for the turbine inlet and exit quantities. The
uncertainty in the ef� ciency was calculated for both methods using
the uncertainty equations given in the Appendix. A central differ-
ence numerical scheme was used to compute the partial derivatives.
Output from the code is given in Table 2. The output includes the
average turbine inlet and exit quantities, the facility measurements,
the ef� ciency by both methods, and the uncertainty in the ef� ciency
for both methods.

The uncertainty percentage contribution (UPC) values are also
given in Table 2 for each term for both ef� ciency methods. These
terms are used to evaluate the sensitivity of the uncertainty of the
result (ef� ciency) to the uncertainty of the various measured quan-
tities. The UPC is de� ned as

UPCi = (h i Ui )
2 U 2

r £ 100 (14)

or

UPCik = (2h i h k Bi k) U 2
r £ 100 (15)

with h de� ned in Eq. (6). The UPC illustrates the in� uence of
each variable and its uncertainty as a percent of the result uncer-
tainty squared for each term in the uncertainty equation. This ap-
proach shows the sensitivityof the squared uncertaintyof the result
to the squared uncertainty effect of each of the variables for a par-
ticular situation where values for the variables are known and the
uncertaintiesfor eachvariablehavebeenestimated.The valuesgiven
in Table 2 are the summations of all point measurement UPCs for a
variable and its associated correlation terms.

The ef� ciency calculated with the thermodynamicmethod using
mass averagedexit conditionswas 0.646 or 64.6%. The mechanical
method ef� ciency was 0.603 or 60.3%. The two methods differ by
0.043 points. This difference is large because the turbine torque has
not been corrected for tare losses, as discussedearlier. A tare torque
correction, when applied, will increase the mechanical ef� ciency,
thus reducing the difference between the two methods.

The uncertainty in the ef� ciency was less for the thermodynamic
method ( ¼ 0.2% in g ) than for the mechanical method ( ¼ 0.8% in
g with the tare torque and its uncertainty ignored). Both methods
appeared to have met the uncertainty goal of 1% at the ADP; how-
ever, the mechanical method analysis is incomplete due to the tare
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torque correction. The following sections will explain the results
of the detailed uncertaintyanalysis and will show how these results
can serve as a guide for determining the preferredef� ciencymethod
for particular test situations.

Thermodynamic Method

The ef� ciency uncertainty for the thermodynamic method at the
OTTR ADP was much lower (0.2% in g ) than the test program goal
(1% in g ). There were three primary reasons for the low uncertainty
in ef� ciency. First, a general uncertaintyanalysis was done early in
the test program. These results were used to determine the critical
measurements and then to set calibration requirements and de� ne
test techniques to improve these critical measurements. Therefore,
many of the uncertainty estimates were reduced based on informa-
tion gained from the general analysis. Second, making 720 point
measurements of P0 and T0 at the turbine inlet and exit signi� cantly
lowered the uncertainty of the ef� ciency. Third, the correlation be-
tween measurements also signi� cantly lowered the uncertainty of
the ef� ciency.

Intuitively, one would think that increasing the number of
measurements would decrease the uncertainty, but this can also be
explained by examining the uncertainty equations. In the past, the
uncertainty analysis has used one value for P01, P02, T01, and T02;
therefore, there was one uncertainty term for each of these vari-
ables. The analysis presented here started with 720 measurements
of each variable and averaged these 720 measurements to obtain
P01 , P02 , T01 , and T02; therefore, there were 720 precision uncer-
tainty terms and 720 bias uncertainty terms for each of these vari-
ables. There were also terms to account for the correlationbetween
the point measurements of the same variable. Thus, terms 1–18 on
the right-hand side of the U g th equation replaced four terms in the
generaluncertaintyanalysis.One may think that,with so many addi-
tional terms, the uncertaintywould surely increase, but that was not
the case. The values of the partial derivative terms were much lower
when multiple measurements were made; for example, a perturba-
tion to 1 of 720 measurements (P02i ) used to obtain P02 has a much
smallereffecton the result thana perturbationto theonevalueof P02.
As a result, the total of terms 1–18 on the right-handside of the U g th

equation with their summations was less than the total of the four
terms used in the past. Therefore, making multiple measurements
to obtain the average values needed for the ef� ciency equations
and including the averaging procedure in the uncertainty analysis
equations greatly reduced the uncertainty in the turbine ef� ciency.

To further understand the importance of including the averaging
procedurein the uncertaintyanalysis,remember that the turbineexit
terms were mass averageddue to the large gradients in the � ow� eld.
The measurements used to obtain the mass weighting factors and
the mass averaging procedure were explicitly included in the un-
certainty analysis procedure. If area averaging had been used at the
turbine exit, an estimate of the error that this would create in the
averagevalues required for the ef� ciency equationwould have been
needed for each measurement.Including this elementalerror source
to account for the conceptual bias would have increased the uncer-
tainty estimate for each measurement.It would also be very dif� cult
to obtain a good estimate for this source without mapping the � ow-
� eld. Therefore, choosing the correct averaging procedure for the
� ow� eld and then explicitly including this averaging procedure in
the analysis greatly improved the integrity of the results.

Obviously,720 measurementscannotbemade for all turbinetests.
Fortunately,720 measurements will not be needed for most test sit-
uations. With the information given here, an analysis could be used
in the planning phase of an experiment to investigate the optimum
numberofmeasurementsneededto achievea certainef� ciencygoal.
The equations could be written to calculate the average parameters
using a set number of measurements and averaging method. The
number of measurements could then be varied. Comparisons of the
results would show the effect of the number of measurements on
the uncertainty in the ef� ciency. One must be careful, however, to
appropriatelyadjust the uncertaintyestimates for each measurement
based on the averagingprocedureused and the number of measure-
ments.Remember, theelementalerror due to averagingusinga � nite

number of measurements instead of integrating a continuous func-
tionwas considerednegligiblerelativeto theotherelementalsources
when 720 measurementswere made. In a situation with fewer mea-
surements,this elementalsourcecouldbe signi� cant and, if so, must
be included in the uncertainty estimate. Also, if area averaging is
used in a � ow� eld with signi� cant gradients, the uncertainty esti-
mate for each measurement must be increased to account for the
conceptualbias induced by the averaging technique.

For the detailed uncertainty analysis, correlation between point
measurementsof differentvariableswas also considered(terms 19–

25 in the U g th equation). For the thermodynamic method, three of
these correlation terms were negative: P01 with P02 , P01 with P2,
and T01 with T02 (Table 2). Again, these correlation terms greatly
reducedthe overalluncertaintyin the thermodynamicef� ciencyand
must be considered in the analysis.

Examination of the UPC values in Table 2 shows that the corre-
lation terms between the point measurements of the same variable
were the major contributorsto the thermodynamicef� ciency uncer-
tainty.However, the correlationterms between T01 and T02 as well as
between P01 and P02 had the largest UPC values. Fortunately, these
terms were negative, and their effect was to decrease the ef� ciency
uncertainty. These results are reasonable because the temperature
drop across the turbine (not the absolute inlet and exit temperatures)
followed by the turbine pressureratio (not the absolute inlet and exit
pressures) are thekeys to accuratelydeterminingtheef� ciencyusing
the thermodynamic method.

The method used for the OTTR thermocouple static calibration
provided the negative correlation terms that greatly reduced the ef-
� ciency uncertaintywith the thermodynamicmethod. The inlet and
exit thermocoupleswere all calibrated end-to-endin the test facility
against the same standard, and the uncertainty of the standard was
the dominant elemental error source.7 This calibration procedure
forced correlation between the errors in the inlet and exit tempera-
ture measurements. These correlation terms were negative because
the ef� ciency depends on D T , not absolute T01 and T02. Therefore,
using a calibrationprocedure that forcedcorrelationbetween the in-
let and exit temperature measurements greatly reduced the overall
uncertainty in ef� ciency. This static end-to-end calibration was the
key to the success of the thermodynamic method.

Similarly, the correlation terms for the inlet and exit total pres-
sures due to using the same electronic pressure scanning system
also reduced the ef� ciency uncertainty. Again, the pressure ratio is
the key to determining the ef� ciency, not the absolute P01 and P02;
therefore, the correlation terms are negative. This effect was not as
dramatic as for the temperature measurements, but was important
nonetheless.

Mechanical Method

The ef� ciencyuncertaintyfor themechanicalmethodat theOTTR
ADP, neglecting the tare torque, was also lower (0.8% in g ) than
the test program goal (1% in g ). However, this uncertainty was not
as low as for the thermodynamic method, and the uncertainty will
increase when the tare torque uncertainty is included. The three
primary elements used to explain the low ef� ciency uncertainty
estimate for the thermodynamic method will be addressed for the
mechanical method to allow a comparison of the two methods.

Again, a general analysis was used to determine the critical mea-
surements and then to set calibration requirements and de� ne test
techniquesto improvethese criticalmeasurements.Therefore,many
of the uncertainty estimates were reduced based on information
gained from the general analysis. The pretest work put into reduc-
ing the uncertainty of the critical measurements was the primary
reason for the success of the mechanical method. The averaging of
the 720 point measurementsof P01, P02, and T01 and the correlation
between measurements of different variables also reduced the un-
certainty in the mechanical ef� ciency, but not as signi� cantly as for
the thermodynamic method. The reason for this is explained next.

The general analysis showed that, for the OTTR, the mass � ow
rate was critical to accurately determining ef� ciency with the me-
chanical method. This is veri� ed by the UPC results from the de-
tailedanalysis(Table 2). The mass � ow rateuncertaintywas reduced
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by the venturi calibration,6 but the 720 point measurements of P01,
P02 , and T01 and correlationbetween point measurements of differ-
ent variables did not affect the mass � ow rate uncertainty. Averag-
ing of the 720 point measurementsdid slightly reduce the ef� ciency
uncertainty, primarily due to the contribution of the turbine exit
pressure, but the magnitude of the effect was not as large as for the
thermodynamic method.

Correlation between measurementsof differentvariables also re-
duced the ef� ciency uncertaintyfor the mechanicalmethod. Two of
these terms were negative, P01 with P02 and P01 with P2, thereby
reducing the ef� ciency uncertainty.The mechanicalmethod did not
bene� t from a third negative correlation term because T02 was not
required for this method. Therefore, the bene� t of the correlation
terms on the ef� ciency uncertaintywas not as great for the mechan-
ical method as for the thermodynamic method.

Again, the analysis is not complete for the mechanical method;
the problem of the tare torque correction remains. The uncertainty
results given here only consider the uncertainty of the measured
torque.Until a valuefor the tare torqueis obtainedand anuncertainty
estimate for the tare torque is added to the analysis, this method
cannot be fully evaluated.

Conclusions
The questionof how to determinethe preferredef� ciencymethod

for cold air� ow turbine testing for particular test situations has not
been addressed in the past literature.This paper addresses the prob-
lem by evaluatingtwo common turbine ef� ciency methods both ex-
perimentally and using uncertainty analysis techniques. Enhanced
uncertaintyanalysis tools were developed to evaluate the ef� ciency
uncertainty for both methods. The results allow a comparison of
the two methods from which conclusions can be drawn to guide
in determining the preferred ef� ciency method for individual ap-
plications. Using the form of the equations developed in this work
is essential to obtaining the correct ef� ciency uncertaintyestimates
and the correct percentage contribution terms so that the methods
can be properly evaluated.

The thermodynamic method can be superior to the mechanical
method for determining turbine ef� ciency. For the test case dis-
cussed, with its speci� c calibration procedures, data acquisition
techniques, and data analysis procedures, the ef� ciency uncertainty
was lower for the thermodynamicmethod.However, for thismethod
to be successful, extreme care must be taken with the temperature
measurements. The turbine inlet and exit thermocouples must be
calibrated end-to-end in the test facility using the same reference
standard to force correlation between the bias errors in the tem-
perature measurements. For high Mach number � ows, a calibration
for recovery factor is also needed. Furthermore, for high-gradient
regions, the data must be properly mass averaged. This requires
additional measurements of static pressure and � ow angle, and the
probes used to obtain these measurements must be calibrated. The
analysis proceduresoutlined should be used to evaluate the number
of pointmeasurementsneededto meet theef� ciencyuncertaintytest
goal for each case. If careful probe calibrationis possible and an ad-
equate number of measurements can be made, the thermodynamic
method is the method of choice.

In some cases, the mechanical method may be the best option. If
the overall measurements of mass � ow rate, torque, and speed are
available, careful probe calibration and the time to make multiple
point measurements may not be required. If the turbine inlet � ow
is fairly uniform so that mass averaging is not required, it should
be possible to determine the inlet total pressure and temperature
to a suitable accuracy with relatively few measurements. The exit
total pressure is also required for total-to-total ef� ciency, but the
methods outlined can be used to evaluate the relative importance of
this measurement to the ef� ciency uncertainty and the number of
point measurements required to meet the ef� ciency uncertainty test
goal for each case. However, the mass � ow rate measurement and
the tare torque correction are critical for the mechanical method.
To successfully use this method, care must be taken to accurately
obtain the mass � ow rate, and one must be able to determine the
tare torque correction for rig losses to obtain accurately the torque
value required for the turbine ef� ciency equation.

Appendix: Ef� ciency Uncertainty Equations
The equation for uncertainty in thermodynamic ef� ciency is as

follows:
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The equation for uncertainty in mechanical ef� ciency is as fol-
lows:
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